Abstract. Rapidly emerging micro-electro-mechanical devices create new potential microfluidic applications. A simulation of an internal and external gas flows is important for their design. For small Knudsen number Kn < 0.1 (Kn = l 0 /L, where l 0 is the mean free path of the gas molecules and L is the characteristic length), a continuum approach based on modified Navier-Stokes-Fourier or extended hydrodynamic continuum models with corresponding velocity-slip and temperature-jump boundary conditions is still applicable and, respectively, preferable. We restrict ourself to the use of Navier-Stokes-Fourier continuum model. A development of the algorithm to solve a specific class of problems is closely related to numerical schemes used for approximation of equations terms. Higher-order approximation schemes can reduce the number of mesh nodes and respectively computational time, but it is possible to obtain physical unrealistic results. In this paper we study influence of some approximation schemes for convective terms over the spatial steps. It is compared upwind, central difference and total variation diminishing (TVD) schemes Min-Mod, QUICK and SUPERBEE. A test case is gas flow past a square in a microchannel at subsonic speed (Mach number M = 0.1) and supersonic speed (M = 2.43), available in a literature.
INTRODUCTION
All devices with character dimensions between 1µm and 1mm are called micro-devices. Micro mechanical devices are rapidly emerging technologies, where new potential applications are continuously being developed. Microchannel fluid flow is currently modelling using either the continuum approach or the non-continuum approach most commonly called molecular approach. The Knudsen number (Kn), a nondimensional parameter, determines the degree of appropriateness of the continuum model. It is defined as the ratio of the mean free path 0 to the macroscopic length scale of a physical system L.
Micro-gas flow simulations should be fast and accurate. Higher order spatial accuracy scheme can reduce required computational resources. Correct calculation of supersonic microflows use first order upwind scheme for approximation of convective terms and density in the middle points requires a very fine mesh and enormous computational resources [1] . On the other hand, higher order schemes reduce the number of nodes in the mesh, but it is possible to be unstable and to obtain physical unrealistic results. TVD schemes are second order spatial accuracy schemes and are designed to prevent undesirable oscillatory behaviour of higher-order schemes. In TVD schemes, the tendency towards oscillation is counteracted by adding an artificial diffusion fragment or by adding a weighting towards upstream contribution. In the literature early schemes based on these ideas were called flux corrected transport (FCT) schemes: see Boris and Book [2, 3] . Further works by Van Leer [4, 5, 6, 7] , Harten [8, 9] , Sweby [10] , Roe [11] , Osher and Chakravarthy [12] and many others have contributed to the development of present-day TVD schemes. These schemes are widely used in Computational Fluid Dynamic (CFD) codes and software packages like OpenFOAM [13] .
The main target of the present work is to compare mesh-dependent convergence of TVD schemes applied for calculation of gas microflows at different regimes. TVD schemes are implemented in the algorithm SIMPLE-TS [1] . There is comparison between first order upwind scheme and second order TVD schemes: Min-Mod [11] , QUICK [14] and SUPERBEE [11] . Flow past a square is used as a test case in a microchannel at different regimes: subsonic (M = 0.1) and supersonic (M = 2.43) speed.
CONTINUUM MODEL EQUATIONS
A two dimensional system of equations describing the unsteady flow of viscous, compressible, heat conductive fluid can be expressed in a general form as follows:
where:
u is the horizontal component of velocity, v is the vertical component of velocity, p is pressure, T is temperature, ρ is density, t is time, x and y are coordinates of a Cartesian coordinate system. The reference quantities used to scale the system of equations (2) - (6) will be defined later. The parameters A, B, g x , g y , C T 1 , C T 2 , C T 3 and diffusion coefficients Γ and Γ λ , given in Eqs. (2)- (6), depend on the gas model and the equation non-dimensional form. The system of equations (2) - (6) is solved by using an algorithm SIMPLE-TS [1] . Second order central difference scheme is employed for the approximation of the diffusion terms. The main topic of this paper is comparison of mesh-dependent convergence of schemes for approximation of convective terms and density in middle points. In following sections are presented details of applications and results.
The system of equations (2) - (6) is given in a general form of the Navier-Stokes-Fourier equations. For a gaseous microflow description we use the model of a compressible, viscous hard sphere gas with diffusion coefficients determined by the first approximation of the Chapman-Enskog theory for low Knudsen numbers [15] . For a hardsphere gas, the viscosity coefficient µ and the heat conduction coefficient λ read (first approximations are sufficient for our considerations) as:
The Prandtl number is given by Pr = 2/3, γ = c p /c v = 5/3. The dimensionless system of equations (2) - (6) is scaled by the following reference quantities, as given in [15] : molecular thermal velocity V 0 = V th = √ 2RT 0 for velocity, for length -square size a (Fig. 3) , for time -t 0 = a/V 0 , the reference pressure (p 0 ) is the pressure at the inflow of the channel, the reference temperature (T 0 ) is equal to the channel walls, reference density (ρ 0 ) is calculated using equation of state (6), the calculated case neglects the influence of gravity field, therefore g x = g y = 0. The corresponding non-dimensional parameters in the equation system (2) -(6) read as follows:
(10)
TVD SCHEMES -ESSENCE AND IMPLEMENTATION
Generalization of upwind-biased discretisation schemes is considered in many papers and books (see [16] ). Here is presented briefly the application of TVD scheme in algorithm SIMPLE-TS. Consider the standard control volume discretisation of the one dimensional case, Fig. 1 . The implementation for the two dimensional case is straightforward. Approximated variable φ is defined in nodes of a mesh, φ i−1 , φ i and φ i+1 , Fig. 1 . TVD scheme is applied to 
where r is the ratio of upwind-side gradient to downwind-side gradient r = (
determines the value of function Ψ and the nature of the scheme. To prevent division by zero, in code is included condition that
In the literature ( [8, 9, 10] ) the total variation has been considered for transient one-dimensional transport equation and are used explicit TVD schemes. TVD schemes are successfully applied also for calculation of steady problems (see [16] ). Here are used implicit TVD schemes for calculation of steady microfluidic problems. The algorithm SIMPLE-TS, with the implemented TVD scheme, is also applicable for calculation of unsteady problems.
Sweby [10] has given necessary and sufficient conditions for a scheme to be first-( ( Fig. 2. (b) ) TVD in terms of r − Ψ relationship. Fig. 2 . (a) confirm that upwind is a first order TVD scheme, while the central difference is second-order TVD scheme for r ≤ 0.5, but is not TVD for r < 0.5. The quadratic upstream interpolation for convective kinetics (QUICK) scheme [17] , Ψ(r) = (3 + r)/4, also leave the TVD region, Fig. 2 .
(a).
The idea of designing a TVD scheme is to force the r − Ψ relationship to remain within the shaded region for all values of r. QUICK schemes with limiters (13), [14] , is in a TVD region. In this paper are implemented and used TVD schemes Min-Mod (12), [11] , QUICK (13) and SUPERBEE (14), [11] . The Min-Mod limiter function exactly traces the lower limit of the TVD region, whereas SUPERBEE scheme follows the upper limit, (Fig. 2. (b) ).
TVD schemes are implemented for approximation of convective terms of equations (3), (4), (5) . When density in middle points is approximated, using central differences in algorithm SIMPLE-TS, [1] , unphysical oscillations of fluid flow at supersonic speed are obtained. The approximation of upwind first-order scheme is used to prevent these oscillations. Here are applied the same approach: density approximation in middle points is the same as an approximation for convective terms.
PROBLEM FORMULATION
As a example we consider a 2D steady-state laminar flow around a small square particle with size a confined in a FIGURE 3. Flow geometry for a square-shaped particle with size a confined in a channel with length L ch and height H ch . plane microchannel (height H ch ) as shown in Fig. 3 . The blockage ratio B = a/H ch is equal to B = 10, the inflow length is L a . The problem is considered in a local Cartesian coordinate system, which is moving with the particle. Thus for an observer moving along with the particle the problem is transformed to a consideration of a gas flow past a stationary square confined in a microchannel with moving walls. Reference parameters for this problem are: is the derivative of temperature normal to the wall surface. The Knudsen number is Kn = 0.05. Detailed problem formulation and validation of SIMPLE-TS using upwind first-order scheme to approximate convective terms and density in middle points are presented in [1] .
Subsonic gas flow
In the subsonic case the Mach number is 0.1, L ch = 40, L a = 15.5. The channel walls are moving with a constant velocity equal to u = 0.09129 (according to Mach number 0.1). The inflow boundary conditions (BC in ) are: u in is calculated from the continuity equation for first control volume on OX, similarly to the pressure driven flow in a channel, ∂ v/∂ x = 0, p in = 1 and T in = 1. The outflow boundary conditions (BC out ) are: u out is calculated using the continuity equation defined for the last control volume on OX.
Here are compared upwind first-order scheme, results are available in [1] , second-order TVD schemes Min-Mod (12) and QUICK (13), and central difference scheme. Mesh-dependent convergence is investigated on spatial steps ∆ = ∆ base , ∆ base /2, ∆ base /4 (corresponding uniform mesh: 400x100, 2 2 .400x100 and 4 2 .400x100), where ∆ = ∆x = ∆y, ∆x is step on OX, ∆y is step on OY, ∆ base = 0.1 is based spatial step.
Here are compared profiles of horizontal velocity and temperature at the centre line along the channel, Fig. 4 , obtained at different spatial steps and schemes. The profiles for horizontal velocity, obtained using different spatial steps and approximations are very close to each other, Fig. 4. (a) . The profiles of temperature obtained, using different approximations at a given spatial steps are very close to each other, Fig. 4. (b) . The groups of profiles obtained at a different spatial steps are different. On the other hand, the temperature deviations of fluid flow is negligible therefore fluid flow can be considered isothermal. The results show no advantages of second order schemes for a considered case.
The velocity of subsonic case is very low (Mach number is 0.1). When Mach number is sufficiently low (close to zero) the fluid flow became creeping (Stokes flow) and convective terms can be neglected in a mathematical model of fluid. The low flow velocity is the most likely reason of independence of the numerical solution of the order of approximation of convective members. 
Supersonic gas flow
In the supersonic calculations the Mach number is 2.4261. The channel length is L ch = 50, the distance between the square and the channel inlet is L a = 5. 
Here are compared results, obtained using first-order and second order schemes for calculation of flow past square particle in a microchannel at supersonic speed. The supersonic speed leads to the existence of a bow shock wave, which reflects from the channel walls. As a result, past the particle, we obtain a complex picture of the interaction of reflected shock waves (see Fig. 5 ). The shock waves have significant gradients of velocities, pressure and temperature. The calculation of this flow using first-order upwind schemes accurately requires a very fine mesh (8000x1600) cells, [1] , or adaptive one. Here are compared results obtained using first-order upwind scheme, available in [1] with results obtained using second-order TVD schemes Min-Mod (12), QUICK (13) and SUPERBEE (14) .
Mesh-dependent convergence is investigated for a range of spatial steps for first-and second order schemes. Range 
500x100).
It is expected that second-order schemes will reduce computational time in comparison with first-order schemes, but it is possible to bring instability and to obtain physical unrealistic results. Here are compared profiles of horizontal velocity and temperature at the centre line along the channel obtained using first-and second-order schemes for the approximation of convective terms and density in middle points, Fig. 6 -10 . The second-order Min-Mod scheme mesh convergence is much better than the first-order upwind scheme, Fig. 6 . We accepted that the numerical solution obtained using Min-Mod scheme is accurate enough for a spatial step ∆ base /4 = 0.025, while for upwind scheme is ∆ base /16. Therefore Min-Mod scheme needs 4 times less cells in each spatial direction, which is 4 2 = 16 less cells for the two dimensional case. Mesh convergence of QUICK scheme is also rapider compared to those of upwind scheme, Fig. 7 . However mesh convergence of QUICK scheme is slightly better then Min-Mod scheme. The convergence of SUPERBEE scheme is better than upwind scheme, Fig. 8 and is even better than convergences of Min-Mod and QUICK schemes. SUPERBEE schemes obtain an accurate solution on a spatial step ∆ base /2 = 0.05, therefore needs 8 2 = 64 times less cells in the computational domain, then the upwind scheme. The results show many times reduction of the number of cells in a computational domain of TVD schemes, Fig. 10 , compared to first-order upwind scheme. On the other hand, investigated TVD schemes required smaller time step and larger number of iterations to be algorithm converge against upwind first-order scheme. TVD scheme with best convergence SUPERBEE obtain small over-shoot in a shock wave in front of the square for spatial steps ∆ = ∆ base = ∆ base /2, Fig. 9 . Other investigated TVD schemes Min-Mod and QUICK do not obtain such kind of physical unrealistic results. Nevertheless the requirements for smaller time steps and increase the number of internal iterations compared to first-order upwind scheme TVD schemes reduce many times computational time.
Investigated TVD schemes are applied using their standard format and do not obtain a convergent solution for spatial step ∆ = ∆ base /16 = 0.00625. A round-off error is the most probable reason TVD schemes to be unstable using small spatial steps. The implementation of TVD schemes in algorithm has to be changed so the round-off error to be reduced.
Results show that mesh convergence of TVD schemes closer to the upper TVD region (Fig. 2, (b) ) is faster than TVD schemes closer to lower TVD region limit, Fig. 6, Fig. 7 and Fig. 8 . On the other hand TVD schemes closer to the upper TVD limit (SUPERBEE) needs smaller time step and more internal iteration to be algorithm SIMPLE-TS converged according to TVD schemes closer to lower TVD limit region (Min-Mod). TVD schemes at the lower limit of the TVD region (Min-Mod) required less time step and more internal iterations then upwind first-order scheme, which correspond to Ψ(r) = 0. This investigation shows that schemes, closer to the upper limit of TVD region have rapider mesh convergence, then schemes, closer to to lower limit of TVD region and first-order upwind scheme (Ψ(r) = 0). On the other hand, schemes, closer to the upper limit of TVD region obtain small over-shoot (SUPERBEE) and are less stable then schemes, closer to to lower limit of TVD region and first-order upwind scheme (Ψ(r) = 0). The results show that use of schemes, closer to the upper TVD region will give us rapider mesh convergence small reducing of stability of the algorithm and possible appearance of small over-shoots. 
CONCLUSIONS
It this paper is investigated mesh convergence of first-order and second order schemes for the approximation of convective terms of Navier-Stokes-Fourier system of equations described gas microflow. A test case is flow past a square in a microchannel at subsonic (M = 0.1) and supersonic (M = 2.43) speeds. Results, obtained from subsonic case show no advantages of any of compared schemes (first-order upwind and second order central difference, TVD Min-Mod and TVD QUICK schemes. Results, obtained from supersonic case is that TVD schemes obtained the same results as first-order upwind schemes with 4 2 = 16 (Min-Mod and QUICK) to 8 2 = 64 (SUPERBEE) times less cells. The disadvantages of TVD schemes then first-order upwind scheme are: the usage of smaller time step and the increase of iterations in internal loops. SUPERBEE scheme, which mesh convergence is rapider according to investigated schemes, obtains small over-shoot in a shock wave in front of the square. Investigated TVD schemes (Min-Mod, QUICK, SUPERBEE) are not converged for small spatial steps ∆ = ∆ base /16 = 0.00625. Nevertheless the requirements for smaller time steps and increase the number of internal iterations compared to first-order upwind scheme TVD schemes reduce many times resources to calculate supersonic fluid flow and are highly recommended for this flow regime.
